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We present a complete analysis of the imprint of tensor anisotropies on the Cosmic Microwave
Background for a class of f(R) gravity theories within the PPF-CAMB framework. We derive the
equations, both for the cosmological background and gravitational wave perturbations, required to
obtain the standard temperature and polarisation power spectra, taking care to include all effects
which arise from f(R) modifications of both the background and the perturbation equations. For
Rn gravity, we show that for n 6= 2, the initial conditions in the radiation dominated era are the
same as those found in General Relativity. We also find that by doing simulations which involve
either modifying the background evolution, while keeping the perturbation equations fixed, or fixing
the background to be the ΛCDM model and modifying the perturbation equations, the dominant
contribution to deviations from General Relativity in the temperature and polarisation spectra can
be attributed to modifications of the background. This demonstrates the importance of using the
correct background model in perturbative studies of f(R) gravity. Finally an enhancement in the
B modes power spectra is observed which may allow for lower inflationary energy scales.
PACS numbers: 04.30.-w, 04.50.Kd, 98.80.-k
I. INTRODUCTION
Modified theories of gravity have become one of the
most popular candidates for explaining the current ac-
celerated expansion of the Universe. As it is well-
known, General Relativity (GR) in its standard form
(without a cosmological constant) can not explain such
cosmological speed-up, without the introduction of ex-
tra terms in the gravitational Lagrangian (for reviews
on modified theories of gravity, see Refs. [1, 2]) or ex-
otic fluid components (see Refs. [3–5]). Geometrical
modifications of the standard gravitational Lagrangian
usually include a wide number of curvature invariants
(R, RµνRµν , RµλνσRµλνσ ,..) [6] that might imply non-
minimal couplings between matter and geometry (see for
instance [7] and references therein). The simplest and
most studied modification of GR is one where the Hilbert-
Einstein action is generalised to a arbitrary function of
the Ricci scalar R - these are the so-called f(R) theories
of gravity [8]-[9]. These theories are able to mimic the
behaviour of the cosmological constant (see for instance
Ref. [10]) and reproduce the entire background cosmo-
logical history (see Ref. [11]). Despite these successes,
f(R) theories have their own shortcomings [9] and spe-
cific models have to pass rigorous theoretical and obser-
vational scrutiny before they can be accepted as viable
alternatives to the Concordance Model [12].
In the last few years, modified theories of gravity have
been shown not only able to mimic the dark energy
epoch, but also seem capable of providing a description
of the inflationary era [11]. Unfortunately, the use of
cosmological observations, such as supernovae type Ia
or Baryon Acoustic Oscillations (BAO) among others,
which depend solely upon the expansion history of the
Universe is not enough to only determine the nature and
the origin of dark energy, due to the fact that identi-
cal evolutions for the cosmological background can be
explained by a diverse number of theories. This is the
so-called degeneracy problem. In order to test the va-
lidity of extended theories of gravity, it is therefore nec-
essary to correctly describe the growth rate and matter
power spectra as obtained from scalar perturbations (see
Refs. [13] for analytical techniques and Refs. [14] for nu-
merical parameterisations with several codes) and the ex-
istence and stability of astrophysical objects such as black
holes [15]. Another powerful tool to discriminate between
competitive theories of gravity consists in studying both
the temperature and the polarisation modes in the Cos-
mic Microwave Background (CMB) power spectra. Since
those spectra are made of contributions from both scalar
and tensor perturbations, potential signatures from CMB
spectra obtained from extended theories are expected.
The study of the effect of tensor (gravitational wave)
perturbations on the CMB in modified gravity has not
received much attention in comparison with their scalar
counterpart, where the focus has been on the study of
the evolution of the density contrast in these theories
[13]. This is due to the difficulties modifying the stan-
dard CMB codes available for General Relativity, such
as CAMB [16] or CMB-Easy [17] (originally based on
CMBFast [18, 19]).
A number of different attempts to study CMB tensor
anisotropies have been made for several modified gravity
scenarios. For instance, the contribution made by cosmic
strings in an Abelian Higgs model to the temperature
power spectrum of the CMB was studied in [20]. Calcu-
lations in this paper were performed in a modified version
of CMB-Easy and were able to constrain the string ten-
2sion when normalised with the WMAP data available at
that time. A number of predictions in the CMB spec-
trum for this model were presented in [21]. Also, in the
last few years, some attention has been devoted to the
study of CMB tensor perturbations in brane-world the-
ories. For instance, in [22] the evolution of cosmological
tensor perturbations in the Randall-Sundrum II model
was discussed. In the near-brane limit, the separation of
the wave equations becomes possible, making the study
of the evolution of perturbations feasible. Other work
[23] focused on extending the CAMB code [16] to com-
pute CMB tensor anisotropies generated in a generalised
1 + 4 Randall-Sundrum II braneworld model.
Finally, with regard to f(R) fourth-order gravity the-
ories, the only existing attempt to encapsulate the main
features of tensor perturbations was presented in [24].
Here the authors analysed tensor perturbations of flat
thick domain wall branes in f(R) gravity. They showed
that under the transverse and traceless gauge, the metric
perturbations decoupled from perturbations of the back-
ground scalar field, which generates the brane.
The leitmotiv of this investigation is to address for the
first time in literature a detailed analysis of the effect
of tensor perturbations on the CMB in a class of metric
f(R) gravity theories, when studied in the so-called Jor-
dan frame. This provides a further way of determining
whether such models are viable, particularly in situations
where the background evolution is close to that of the
standard ΛCDM model.
The paper is organised as follows: in Section II we
present the general features of f(R) theories and intro-
duce the different fluids that play a role in the cosmo-
logical evolution. In Section III we introduce the back-
ground and tensor perturbation dynamics for these theo-
ries, paying special attention to the initial conditions set
in the radiation dominated era. Section IV is then de-
voted to illustrating the formalism for a simple class of
one-parameter f(R) models by obtaining both the cos-
mological evolution and the CMB features resulting from
tensor perturbations. Section V then summarises the
main results we obtain once the simulations were imple-
mented.
We conclude by giving our conclusions in Section VI.
At the end of the paper we have included an Appendix
with specific details on the relevant CAMBmodifications.
II. FOURTH ORDER GRAVITY
The most general action for fourth-order gravity [25–
27] can be written as a function of the Ricci scalar only.
A = 1
2
∫
d4x
√−g [f(R) + Lm] , (1)
where Lm represents the matter contribution and ge-
ometrised units 8πG ≡ 1 are used. The variation of this
action with respect to the metric leads to the generalised
Einstein equations in the metric formalism:
fRGab = T
m
ab +
1
2 (f −RfR) gab+∇b∇afR−gab∇c∇cfR ,
(2)
where f ≡ f(R), fR ≡ df/dR (analogous notation for
higher derivatives in the following) and
Tmab ≡
2√−g
δ(
√−gLm)
δgab
(3)
represents the energy-momentum tensor of standard mat-
ter. These equations obviously reduce to the standard
Einstein field equations when f(R) = R. It is crucial for
our purposes to be able to rewrite expression (2) in the
form,
Rab − 12Rgab = T totalab = T˜mab + TRab , (4)
where T˜mab and T
R
ab are defined as follows
T˜mab =
Tmab
fR
,
TRab =
1
fR
[
1
2 (f −RfR) gab +∇b∇af − gab∇c∇cf
]
,
(5)
that represent respectively two effective fluids: the effec-
tive matter fluid (associated with T˜mab) and the curvature
fluid (associated with TRab). The twice contracted Bianchi
identities for these fluids are:
T˜m;bab =
Tm;bab
fR
− fRR
f2R
Tmab R
;b ,
TR;bab =
fRR
f2R
Tm;bab R
;b . (6)
where the semicolon denotes a covariant derivative. It
is clear from these identities that the total energy-
momentum tensor T totalab as defined in (4) will always be
divergence-less provided that Tmab is divergence-less. In
the matter frame ua the total energy momentum tensor
can be decomposed as follows:
T totalab = µua ub + p hab + qa ub + qb ua + πab , (7)
where µ is the total energy density and p is the total
isotropic pressure of the fluid, qa represents the total en-
ergy flux, πab is the total anisotropic pressure. In terms
of the two effective fluids (6), these effective thermody-
namical quantities can be written as,
µ =
µm
fR
+ µR , p =
pm
fR
+ pR ,
qa =
qma
fR
+ qRa , πab =
πmab
fR
+ πRab . (8)
In order to extract those thermodynamical quantities
from the field equations, we use the standard tech-
nique of projecting onto orthogonal surfaces to the 4-
velocity of the fluid flow ua using the projection tensor
3hab ≡ gab + uaub. We refer the reader to [28] (and ref-
erences therein) for further details on the 1+3 covariant
approach. The geometry of the flow lines is determined
by the kinematics of ua, which allows us to relate impor-
tant kinematic quantities via
∇bua = −ubAa + 13Θhab + σab + ωab , (9)
where the right-hand side of this equation contains the
acceleration Aa of the standard matter, expansion Θ,
shear σab and vorticity ωab, which will be used in the
following sections.
The effective thermodynamical quantities (8) for the
curvature fluid then become [28]:
µR =
1
fR
[
RfR − f
2
−ΘfRRR˙+ fRR∇˜2R
]
,
pR =
1
fR
[
f −RfR
2
+ fRRR¨+ f3RR˙
2 + 23ΘfRRR˙
]
,
qRa = −
1
fR
[
f3RR˙∇˜aR+ fRR∇˜aR˙− 1
3
ΘfRR∇˜aR
]
,
πRab =
1
fR
[
fRR∇˜〈a∇˜b〉R − σabfRRR˙
]
, (10)
where R˙ = ua∇aR and ∇˜a = hba∇b denote the covari-
ant convective derivative on the Ricci scalar R and the
spatially totally projected covariant derivative operator
orthogonal to ua respectively. Angular brackets denotes
the projected, trace-free, symmetric part of a tensorial
quantity 1.
III. TENSOR PERTURBATIONS
For a Friedmann-Lemaître-Robertson-Walker (FLRW)
background with vanishing 3-curvature and a barotropic
perfect fluid source with equation of state p = ωρ as the
standard matter source, the independent field equations
for general f(R) gravity can be written as
Θ2 = 3µ ,
Θ˙ = − 13Θ2 − 12 (µ+ 3p) ,
µ˙m = −Θ(µm + pm) , (11)
known as the Friedmann, Raychaudhuri and energy con-
servation equations respectively. The linearisation of the
exact propagation and constraint equations around this
background for a pure tensor perturbations then leads to
1 For instance
W〈ab〉 ≡
[
h(a
chb)
d − 1
3
hcdhab
]
Wcd ,
provides the projected, trace-free part of a tensor Wab.
the system [29]:
σ˙ab +
2
3 Θ σab + Eab − 12πab = 0 ,
H˙ab +HabΘ+ (curlE)ab − 12 (curlπ)ab = 0 ,
∇˜bHab = 0 , ∇˜bEab = 0 , Hab = (curlσ)ab , (12)
together with the linearised conservation equations,
µ˙m = −Θµm (1 + ω) ,
µ˙R = −ΘµR(1 + ωeff ) , (13)
that are obtained from the Bianchi identities contracted
twice, where
ωeff ≡ p
R
µR
− R˙ fRR µ
m
f2R
(14)
is the effective dark energy equation of state and w is
the equation of state of standard matter. Taking the
time derivative of equations (12) and using the standard
tensor harmonic decomposition [29]:
σab =
∑
k
k
a
[
σkQ
(k)
ab + σ¯kQ¯
(k)
ab
]
,
πab = ρ
∑
k
[
πkQ
(k)
ab + π¯kQ¯
(k)
ab
]
, (15)
we obtain a second order equation for the tensor modes
σk:
σ¨k +Θ σ˙k +
[k2
a2
− 1
3
(µ+ 3 p)
]
σk =
a
k
[
µ π˙k − 1
3
(µ+ 3 p)Θ πk
]
. (16)
Once the form of the anisotropic pressure has been de-
termined, the above equations can be solved to give the
evolution of tensor perturbations. From equation (10)
and for pure tensor modes, we obtain:
πRk = −
k
a µ
fRR R˙
fR
σk . (17)
It is clear that since πk is proportional to σk, that the
tensor perturbation equations will be second order for
f(R) theories, unlike their scalar counterparts [13], where
the involved equations are in general fourth order.
A. The initial conditions
In the radiation dominated era, the anisotropic stress π
is dominated by the radiation fluid contribution. There-
fore, in this epoch π = πγ and consequently, equation
(16) reduces to
σ¨k +Aσ˙k +Bσk
=
a
k
µ
fR
{
π˙γk −
[
H (1 + 3ω) +
fRR
fR
]
πγk
}
, (18)
4where the quantities A and B are given by
A ≡ 3H + fRR
fR
R˙ ,
B ≡ k
2
a2
+
2a¨
a
+ R˙2
[
f3R
fR
−
(
fRR
fR
)2]
+
fRR
fR
(
R¨+HR˙
)
. (19)
Thanks to the homogeneity of the early universe, equa-
tion (18) can be further simplified by assuming that the
radiation anisotropic stress vanishes. This gives:
σ′′k + (aA−H)σ′k + a2Bσk = 0 , (20)
where prime denotes derivative with respect to confor-
mal time τ and H ≡ a′/a = aH . After performing the
change uk = amσk, where m in general a function of
time, equation (20) reads
u′′k + [aA−H (1 + 2m)− 2m′ log a]u′k
+
{
a2B −mH′ − 2Hm′ + [−aA+H(1 +m)
+m′ log a] (mH+m′ log a)−m′′ log a}uk = 0 .
(21)
At this stage, let’s remark that in the next section we
will show that the exponent m is constant for the case of
Rn models in the radiation dominated epoch.
IV. Rn GRAVITY
In order to illustrate the formalism described in the
previous sections, we now consider a one parameter class
of f(R) theories: f(R) = Rn and study the background
and tensor perturbations evolution for these models.
A. Evolution equations for the background
Let’s define the following set of dynamical variables for
determining the expansion history for Rn gravity. Fol-
lowing [30], we introduce the dimensionless variables:
x =
R˙(n− 1)
HR
, y =
R(1− n)
6nH2
,
Ωd =
µd
3H2nRn−1
, Ωr =
µr
3H2nRn−1
, (22)
where µd and µr are the dust and radiation densities
respectively. In terms of these variables, the Friedmann
equation in (11) takes the simple form ,
1 + x+ y − Ωd − Ωr = 0 . (23)
At this stage, an autonomous system, which is equivalent
to cosmological equations (11) can be derived by differ-
entiating the dynamical variables defined in (22):
a
dx
da
= −x− x2 + (4− 2n+ nx)y
n− 1 + Ωd ,
a
dy
da
=
[
4 +
(x+ 2ny)
n− 1
]
y ,
a
dΩd
da
=
[
1− x+ 2ny
n− 1
]
Ωd , (24)
a
dΩr
da
=
[
−x+ 2ny
n− 1
]
Ωr ,
The constraint equation (23) can be used to reduce the
dimensionality of the system above. The evolution equa-
tion of Hubble parameter H is given in terms of the dy-
namical variables (22) by ,
a
dH
da
= −H
(
2 +
ny
n− 1
)
. (25)
Furthermore, the deceleration parameter q can be deter-
mined directly from the definition of the variable y as
follows:
q =
ny
(n− 1) + 1 . (26)
The fixed points of the system (24) are shown in Ta-
ble I according to the results in [30]. In order to study
the stability of these fixed points we use the well-known
techniques, which involve linearizing the dynamical equa-
tions around the equilibrium points and then finding the
eigenvalues of the linearisation matrix – the Jacobian –
at these points. There are three interesting points in the
phase space of Rn-gravity models: the points J and G
correspond respectively to transient radiation and mat-
ter dominated decelerated power-law expansions and the
point B represents an accelerated expansion phase for
particular values of the parameter n. In [30] it was also
shown that phases represented by these three points pro-
vide cosmological evolutions with positive energy density
if n lies in the range 1.36 < n < 1.5.
In fact, a large number of orbits connecting these three
points can be found. Since we are interested in a back-
ground evolution that is similar to ΛCDM, we used a
numerical procedure to single out the orbit which gives
the best fit to ΛCDM evolution. In order to illustrate
this procedure, we chose values around n ≃ 1.28 which
provided Hubble parameters today sufficiently close to
ΛCDM and reasonable fits for BAO and large-scale struc-
ture data [31]. It should be pointed out that these val-
ues of n are not able to provide acceleration during the
present epoch.
B. Tensor Perturbations
For f(R) = Rn models, the scale factor in the radi-
ation dominated era satisfies a(τ) = τ
n
2+n [33]. Conse-
quently, the coefficient in the damping term in (21) can
5Table I: Coordinates of the fixed points forRn-gravity
according to [30]. Points J and G represent transient de-
celerated power-law expansion phases for radiation and and
matter epochs respectively, whereas point B corresponds to a
late-time accelerated expansion phase for certain values of n.
Trajectories in the phase space connecting these three points
can therefore represent realistic cosmological expansion
histories.
Point Coordinates [x, y, Ωd, Ωr]
A [−1, 0, 0, 0]
B
[
4− 2n
1− 2n
,
5− 4n
2n− 1
, 0, 0
]
C [−2, 0, 0,−2]
D [0, 0, 0, 0]
E
[
2− 2n,−2(−1 + n)2, 0, 0
]
F [0, 0, 0, 1]
G
[
−3 +
3
n
,
−3 + (7− 4n)n
2n2
,
−3 + (13− 8n)n
2n2
, 0
]
H [−1, 0,−1, 0]
I [1, 0, 2, 0]
J
[
−4 +
4
n
,−
2(n− 1)2
n2
, 0,−5 +
8n− 2
n2
]
be cancelled provided that the choice m = Aa−H2H =
2−n
n
is made, where we have used (19). In this case m is
constant and allows us to simplify (21) as follows [32]:
u′′k +
(
k2 − 2 τ−2)uk = 0 , (27)
where we have avoided the pathological case n 6= 2. The
result in (27) is exactly the same as the one in GR for
tensor perturbations obtained in [34]. On the other hand,
for Rn models equation (17) becomes
πRk = −
k
a2
(n− 1)
µR
R′ σk , (28)
whose importance was precisely stressed after (17).
V. TENSOR POWER SPECTRA
In the latest version of CAMB [35], the possibility of
using an external data file as input for the equation of
state parameter of the effective dark energy component
exists. Within f(R) theories of gravity, the curvature
fluid (5) is expected to play the role of dark energy. In
this case, equation (14) is used to generate the required
data file for the effective equation of state parameter
weff of the curvature fluid. By supplying the ppf-CAMB
code with this data file and using the effective matter
density µeff ≡ µ/fR, together with equation (28), we
were able to generate the correct background evolution
in CAMB (see Appendix A for further details on the rel-
evant CAMB modifications). This procedure was usually
missing in previous investigations which, for the sake of
simplicity, simply assumed a ΛCDM background when
studying CMB anisotropies of modified gravity theories.
Once the concomitant modifications in the back-
ground and perturbation equations have been imple-
mented within the CAMB package, we consider different
values of n to study the signatures of modified gravity in
the CMB tensor power spectrum. In particular, we con-
sider the values n = {1.27, 1.29, 1.30, 1.31}. This choice
of n values is motivated by the fact that the best fit
n value for Rn models to BAO data was obtained for
n ≃ 1.29 [31]. In general, we expect distinct features of
modified gravity depending on the particular value of n
on both the cTTℓ , c
EE
ℓ and c
BB
ℓ coefficients to be visible
when compared to the standard ΛCDM results.
In the following, we are interested in features that arise
from modifying the background dynamics and those em-
anating from modifying the perturbation equations. To
this end, we compute the power spectra for the four fol-
lowing combinations of background and perturbations,
namely
a) f(R) background with f(R) perturbations,
b) f(R) background with ΛCDM perturbations,
c) ΛCDM background with f(R) perturbations, and
d) ΛCDM background with ΛCDM perturbations.
For f(R) able to mimic the evolution history of ΛCDM
models, we expect variations in the main features of the
power spectra, with respect to ΛCDM results, to arise
from modifications of the perturbation equations. This
is the case for the n = 1.29model. We note from Figure 1
that cases b) and d) above are almost indistinguishable,
owing to the fact that the n = 1.29 model resembles the
expansion history of the ΛCDM background as shown
in [31]. However, this is not a generic feature of f(R)
models since most of them usually differ from ΛCDM at
the background level. For these models it turns out to
be crucial that one implements the f(R) perturbations
on the corresponding f(R) background. For example, in
the case n = 1.30, the spectra for cases b) and d) are
now clearly distinguishable as can be seen in Figure 2.
More insight on the role of background dynamics and
the f(R) corrections to the perturbations can be obtained
by studying the combinations b) and c) above as a func-
tion of the parameter n. To study the effect of back-
ground dynamics, we look at the evolution of ΛCDM
perturbations on an f(R) background for the different
values of n. This is illustrated in Figure 3. We observe
a drop in power by almost an order of magnitude from
n = 1.27 to n = 1.31 for both the TT , EE and BB
spectra. As expected, the effect of the f(R) background
is to suppress power on large ℓ. This effect can be at-
tributed to the damping of modes by the background
expansion. It is noteworthy that in the models consid-
ered here, the Hubble parameter increases more rapidly
with increasing values of n. Accordingly, the suppression
increases with increasing values of the parameter n. This
phenomenon clearly demonstrates the need for the cor-
rect background model to be implemented in studying
anisotropies in modified gravity theories.
6The effects of f(R) corrections on the perturbations
can be isolated by considering the combination of a
ΛCDM background with f(R) perturbations. This is
shown in Figure 4. Unlike in the background case, the
f(R) contributions to the tensor anisotropies act in a
way to boost power at large ℓ. This phenomenon is not
surprising, considering the form of the curvature fluid
contribution to the tensor anisotropies. We note from
(28) that the f(R) corrections to the tensor anisotropies
depend on the value of n through the factor n−1 and also
through the ratio R˙/R. When considering f(R) pertur-
bations on a ΛCDM background, the ratio R˙/R remains
the same for all f(R) models and is independent of n. In
this case, the f(R) corrections are proportional only to
n− 1 and become more pronounced with increasing val-
ues of n. Interestingly, the features in the power spectra
coming from the f(R) perturbations – on a ΛCDM back-
ground – are not as pronounced as those coming from the
f(R) background – with ΛCDM perturbations – for both
the TT , EE and BB spectra. As a result, one is likely
to underestimate the overall effects of f(R) corrections
when considering a ΛCDM background.
In addition to issues of power amplitude, there is an
overall negative phase shift in the oscillations of the
power spectra at sub-horizon scales. This aspect of the
f(R) corrections is most notable in Figure 3 for all the
studied spectra. Since Figure 3 considers f(R) back-
grounds, we attribute the phase shift to background dy-
namics. This is consistent with the fact that for low ℓ,
a similar shift is observed when an f(R) background is
employed for the EE and BB spectra in Figures 1 and
2.
VI. CONCLUSIONS
In this work we have presented for the first time a
detailed analysis of the tensor CMB features for a simple
one parameter class of f(R) modified gravity theories by
using a new implementation of CAMB. These simulations
used both the correct cosmological background evolution
as provided by these fourth-order gravity theories as well
as the required tensor perturbation equations.
We applied our general results to Rn models for dif-
ferent values of n verifying the convergence to General
Relativity result when n approaches unity and describ-
ing the features that may distinguish those models from
Concordance ΛCDM model predictions. Our implemen-
tation demonstrates the importance of considering the
correct background when alternative theories of gravity
are subjected to this kind of analysis.
According to our results, by only considering pertur-
bations for the cTTℓ , having assumed the usual General
Relativity background expansion history, would lead for
instance to not seeing any appreciable difference between
pure General Relativity and the n = 1.29 cases for all the
depicted spectra. This fact can be manifestly seen in the
top panel of Figure 1. Moreover, values in the inter-
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Figure 1: Power spectra for the Rn model with n = 1.29. The
TT (top), EE (centre) and BB (bottom) power spectra for tensor
perturbations in all the possible background and perturbations sce-
narios. Note the similarity between the case of f(R) background
with ΛCDM perturbations and that of ΛCDM background with
ΛCDM perturbations.
val n = 1.27 − 1.31 are also indistinguishable from each
other at low ℓ’s, although for high ℓ’s this degeneracy is
broken as can be seen in the top panel Figure 4. This
stresses the need of a full consideration of the correct
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Figure 2: Power spectra for the Rn model with n = 1.30.
The TT (top) and EE (centre) and BB (bottom) power spectra
for tensor perturbations in all the possible background and pertur-
bations scenarios. Note the distinction between the case of f(R)
background with ΛCDM perturbations and that of ΛCDM back-
ground with ΛCDM perturbations. Contrast results presented here
with those in Figure 1.
background. With regards to the cEEℓ and c
BB
ℓ coeffi-
cients, it can be seen for instance how for n = 1.29 the
sole consideration of perturbations (keeping the ΛCDM
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Figure 3: This figure shows the TT (top), EE (centre) and BB
(bottom) power spectra for ΛCDM tensor perturbations on the Rn
model background with n = {1.27, 1.29, 1.30, 1.31}.
background) is hardly detectable for intermediate ℓ’s, al-
though differences appear at low and high ℓ’s. This fact
can be manifestly seen in the centre and bottom panels
of Figure 1.
Our code therefore provides a powerful tool capable
of determining the key features of the effect that fourth-
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Figure 4: This figure shows the TT (top), EE (centre) and
BB (bottom) power spectra for f(R) tensor perturbations on the
ΛCDM background for n = {1.27, 1.29, 1.30, 1.31}.
order gravity theories have on CMB tensor perturbations,
when a specific f(R)model is claimed as viable. This will
be presented in a future work for other models available
in the literature. In this realm, it is also necessary to
investigate the impact of scalar perturbations for models
under consideration, which have a dominant contribution
to the measured power spectra. Exclusion tests for f(R)
models can be performed since data for cTTℓ are available
from WMAP [36] and more recently from Planck [37]
once the scalar contribution is included. With respect to
the polarisation anisotropies, Planck data (and its joint
analysis with BICEP2) may allow us to constrain the E
and B-modes in the near future. One particularly in-
teresting feature of tensor modes in these theories is the
appearance of an amplification in the B-modes power
spectrum, in particular around the peak at ℓ ≈ 80, due
to the different evolution of tensor perturbations. Figures
(1) and (2) may help to visualise this statement. This en-
hancement would clearly favour the detectability of pri-
mordial gravitational waves in these models compared to
General Relativity. Consequently inflationary models oc-
curring on lower energy scales when combined with the
models under consideration in this investigation would
present the same B-mode amplitude as if the tensor per-
turbations had been evolving as in ΛCDM model for
commonly accepted inflationary scales. This means that
these theories present a degeneracy between the model
parameters and the inflationary scale. In other words,
the assumption that the detection of B-modes directly
fixes the scale of inflation should be cautiously reconsid-
ered until one better understands how combined effects
coming from gravitational theories beyond General Rela-
tivity, together with the modification of the inflationary
scale may have on the amplitude of the B-modes.
The tests described in this paper can be applied in or-
der to further constrain the allowed range of parameters
for classes of f(R) models that provide an alternative
explanation for the late-time cosmological speed-up. In
particular, for models mimicking General Relativity at
high redshift, the formalism presented here can be di-
rectly applied, since Equation (27) will be immediately
satisfied. Work to include scalar anisotropies in CAMB
in order to compare with present and future data is in
progress.
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9Appendix A: CAMB modifications
For a complete specification of the background model,
we need values for weff , fR, R˙/R specifying the expan-
sion history in terms of the scale factor a. These spec-
ifications are given through data files once the dynami-
cal system (24) has been integrated. We give the values
at logarithmically spaced intervals of the scale factor a,
ranging from radiation dominated epoch till today as re-
quired in the CAMB computations. Any necessary in-
terpolations along a are carried out using the spline
subroutines that are built within CAMB. For the effec-
tive equation of state parameter weff (a), the procedures
required in order to read weff (a) from a data file have
already been implemented within CAMB. For our mod-
ifications, we edit the file equations.f90 to add sub-
routines get_ricci(a) and one_over_fprime(a) which
read and store values for R˙/R and 1/fR respectively from
the user-supplied data files. These routines can then be
used to supply values for R˙/R and 1/fR at scale fac-
tor values in the desired range. In general, the back-
ground modifications involve inclusion of the 1/fR factor
in the matter variables that occur in the CAMB functions
dtauda() and fderivst(), both of which are found in
the equations.f90 file.
For the perturbation equation, we modify fderivst()
to take into account f(R) corrections to the tensor
anisotropies. The relevant variables in this case are
aytprime(2) and aytprime(3) which give the time evo-
lution of the tensor part of the Bardeen variable H(2)T
and the shear σ(k) respectively. In the metric approach
to perturbation theory, tensor perturbations are encoded
in the variable H(2)T . For f(R) models, this can be shown
to obey the wave equation,
H (2)
T
′′ +
[
2H+ (n− 1)R
′
R
]
H (2)
T
′
+ (2K + k2)H (2)
T
=
p(m)a2π
(m)
k
fR
, (A1)
where K holds for the 3-curvature of spatial sections and
π(m) the matter anisotropic stress. One can rewrite (A1)
as a first order differential equation for the shear σ by
using the identification H (2)T ′ = −kσ(k), corresponding
to aytprime(2) in CAMB. The shear evolution then be-
comes,
σ′(k) +
[
2H+ (n− 1)R
′
R
]
σ(k) − kH(2)T = −
p(m)a2π
(m)
k
kfR
,
(A2)
where the two equations above are expressed in ge-
ometrised units again (8πG ≡ 1) and we have set K = 0
in the last equation. Some auxiliary modifications of
other CAMB modules were necessary. For example, in
order to control the convergence of integrations within
the rombint2() function (found in subroutines.f90),
we have had to increase the number of maximum iter-
ations MAXITER. Moreover, since our models are spa-
tially flat, one has to be careful that the input cosmo-
logical parameters are consistent with flat geometry to
the required accuracy as given by OmegaKFlat = 5e-7
in modules.f90. We also edit inidriver.f90 to be able
to read the value of n corresponding to the f(R) function
from the parameter file params.ini.
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